Abstract. We consider numerical approximations of a class of abstract nonlinear evolutionary systems arising in the study of quasistatic frictional contact problems for elastic-viscoplastic materials. Both spatially semi-discrete and fully discrete schemes are analyzed with the nite element method employed to discretize the spatial domain. Strong convergence of both approximations is established under minimal solution regularity. The results are applied to two particular frictional contact problems for viscoplastic bodies. Under appropriate regularity assumptions on the exact solution, optimal order error estimates are derived.
Introduction
The aim of this paper is to provide numerical analysis of some problems arising in frictional contact between an elastic-viscoplastic body and a rigid foundation. Situations of frictional contact abound in industry and everyday life. Contacts of the braking pads with the wheel, the tire with the road and the piston with the skirt are just a few simple examples. Because of the importance of the process of frictional contact, a considerable e ort has been made in its modeling and numerical simulations. Indeed, the engineering literature concerning this topic is extensive. Most of it, however, is dedicated to simple geometries, speci c settings, and mostly to numerical simulations.
In the applied mathematics literature, the study of general models for dynamic or quasistatic contact process involving elastic-viscoplastic materials is very recent. Rate-type viscoplastic constitutive laws of the form _ = E"( _ u) + G( ; "(u)) (1.1) are used in the literature to describe mechanical responses of such materials as rubber, various metals, rocks, pastes, etc. In (1.1), denotes the stress tensor, u the displacement eld, "(u) the linearized strain tensor, and E and G are material constitutive functions. The function E is assumed to be linear while G is in general nonlinear. Here and throughout the paper, a dot above a quantity represents its derivative with respect to the time variable t, and double dots denote the second-order derivative. Concrete examples, experimental background and mechanical interpretations of such models may be found in 4] and references therein. Functional and numerical methods are discussed in 12] for initial and boundary value problems involving (1.1) with the usual displacement and traction boundary conditions. Existence of weak solutions to quasistatic frictional problems for materials modeled by a general rate-type constitutive law of the form (1.1) were established in 1, 2, 16] . In the abstract form, the frictional contact problems are formulated as a nonlinear evolution equation (the abstract version of (1.1)) coupled with an evolutionary variational inequality resulted from the equilibrium equation and the boundary conditions. The variational analysis of this abstract problem was done in 1].
In this paper, we consider the numerical analysis of frictional contact problems for elasticviscoplastic materials of the type (1.1). The literature is abundant on numerical treatment of variational inequality, see for instance the monographs 6, 7, 11, 13] . Of particular relevance to this paper are the works on numerical analysis of variational inequalities arising in plasticity, cf. 8, 9, 10].
The paper is organized as follows. In Section 2 we present the abstract problem, state the assumptions on the data and recall the existence and uniqueness result proved in 1]. In Section 3, both spatially discrete and fully discrete approximations to the abstract problem are analyzed and some error estimates are presented. In deriving the error estimates, we will need to apply Gronwall's inequality, which is recalled here for convenience. Suppose f; g 2 C a; b] and g is nondecreasing, c 0 > 0 is a constant, then f(t) g(t) + c 0 Z t a f(s) ds; t 2 a; b] =) f(t) e c 0 (t?a) g(t); t 2 a; b]: (1.2) Convergence analysis for both approximations is done in Section 4 under the solution regularity condition established in the proof of well-posedness of the problem. Finally, in Section 5 we apply the results to the numerical approximations of two concrete examples of quasistatic frictional contact problems in rate-type viscoplasticity. Under appropriate solution regularity assumptions, we obtain optimal order error estimates. We consider an abstract problem _ y(t) = A _ x(t) + B(t; x(t); y(t)) a:e: t 2 (0; T) (2.1) y(t) + @'( _ x(t)) 3 f(t) a:e: t 2 (0; T) (2.2) x(0) = x 0 ; y(0) = y 0 : (2.3) Here the unknowns are the functions x : 0; T] ! V and y : 0; T] ! H, while x 0 2 V , y 0 2 H and f : 0; T] ! V are given data. The symbol @' represents the subdi erential of the function ', and the relation (2.2) is understood in the sense that for a.e. t 2 (0; T), f(t) ? y(t) is a subgradient of ' at _ x(t). We denote by D' the e ective domain of ' de ned by
We assume in the sequel D' = V .
An equivalent formulation of the problem (2.1){(2.3) is:
Problem P. Find functions x : 0; T] ! V and y : 0; T] ! H such that x(0) = x 0 ; y(0) = y 0 ; (2.4) and for a.e. t 2 (0; T), _ y(t) = A _ x(t) + B(t; x(t); y(t)); (2.5) (y(t); w ? _ x(t)) H + '(w) ? '( _ x(t)) (f(t); w ? _ x(t)) V 8 w 2 V: (2.6) In the study of the problem P we make the following assumptions: The well-posedness of the problem P has been investigated in 1] where the following result can be found. Theorem 2.1. Under the assumptions (2:7){(2:12), the problem P has a unique solution x 2 W 1;1 (0; T; V ), y 2 W 1;1 (0; T; H).
The proof of Theorem 2.1 is carried out in several steps. It is based on time discretization method, standard arguments of elliptic variational inequalities and a xed point property.
In the next two sections, we assume (2.7){(2.12) are satis ed.
Numerical analysis of the abstract problem
In this section, we present and analyze approximation schemes for solving the problem P.
We will give some preliminary results that will be applied to some concrete examples later. Using the assumption (2.7), we then have
Spatially semi-discrete approximation
Integrate the above inequality from 0 to t to obtain
For the last term above, we perform an integration by parts, 
Summarizing, we have shown the following result. where R( ; ; ) is de ned in (3:13).
The inequality (3.17) is the basis of convergence and error analysis for the spatially-discrete solutions. Concrete order error estimates will be established when Theorem 3.1 is applied in Section 5 to some examples arising in mechanics.
Fully discrete approximation
In addition to the nite dimensional spaces V h and H h introduced in the previous subsection, we divide the time interval 0; T] into N equal parts and denote the step-size by k = T=N, the nodal points by t n = nk, n = 0; 1; : : : ; N, and the sub-intervals I n = t n?1 ; t n ], n = 1; : : : ; N.
Here we assume k 2 (0; 1 2 ]. The arguments and results of this subsection can be easily extended to the case of non-uniform partition of the time interval. For a continuous function w(t) with values in H or V , we use the notation w n w(t n ). For a sequence fw n g N n=0 , we denote w n = (w n ? w n?1 )=k, n = 1; : : : ; N. (3.24) for the numerical quadrature errors, and e n = kx n ? x hk n k V + ky n ? y hk n k H ; n = 0; : : : ; N for the numerical solution errors. As a preliminary result which will be used on various estimates, the following is derived based on the assumptions (2. Now let us bound r n x n ? x hk n , n = 1; : : : ; N. For this, we plug (3.6) into (2.6) at t = t n with w = x hk n and get (Ax n ; _ x n ? x hk n ) H (f n ; _ x n ? x hk n ) V + '( x hk n ) ? ' Let us consider the quantity A n (Ar n ; r n ) H . The following lower bound for A n can be obtained by using the assumptions (2.7):
A n 1 2k kr n k 2 A ? kr n?1 k 2 A :
To derive an upper bound for A n , we write A n = (A(x n ? x hk n ); x n ? x hk n ) H = (Ax n ; x n ? _ x n ) H + (Ax n ; _ x n ? x hk n ) H ? (Ax hk n ; x n ? w h n ) H ? (Ax hk n ; w h n ? x hk n ) H :
We then use (3.27) and (3.28) to bound the second and fourth terms of above respectively, A n (Ar n ; x n ? w h n ) H + R n ( _ x n ; w h n ) + I 1 (n) + I 2 (n) + I 3 (n) 1 2 (Ar n ; r n ) H + 1 2 (A( x n ? w h n ); x n ? w h n ) H + R n ( _ x n ; w h n ) + I 1 (n) + I 2 (n) + I 3 (n); where R n ( _ x n ; w h n ) = (y n ; w h n ? _ x n ) H + '(w h n ) ? '( _ x n ) ? (f n ; w h n ? _ x n ) V ; (3.29) I 1 (n) = ( Proof. Denote E n = P n j=1 k e 2 n , then (3.36) can be rewritten as e 2 n c J n + c E n?1 : (3.38) Now E n ? E n?1 k e 2 n c k J n + c k E n?1 :
Hence we have E n ? ( The estimate (3.37) will be used for error analysis of the fully discrete solutions provided the exact solution possesses certain regularity.
Convergence analysis
In this section, we analyze the convergence of the spatially and fully discrete solutions for the problem P under the basic regularity condition (x; y) 2 W 1;1 (0; T; V H), available from These two hypotheses will be veri ed for the applicaiton problems discussed in the next section.
We will need the following result, which can be found in 17]. We now turn to a convergence analysis of the fully discrete scheme. Notice that we can not use the estimate (3.37), because under the basic regularity condition (x; y) 2 W 1;1 (0; T; V H), the pointwise values _ x j and _ y j are not well-de ned. Here we follow the approach developed in 9] for a convergence analysis. For this purpose we will need another density result, which can also be found in 17]. Let us consider the quantity A n = (Ar n ; r n ) H . As in Section 3, a lower bound of A n is A n 1 2k (kr n k 2 A ? kr n?1 k 2 A ):
To obtain an upper bound we begin with A n = (A(x n ? x hk n ); x n ? x hk n ) H = (Ax n ; x n ? x hk n ) H ? ( We now derive a convergence result from (4.22). We now estimate the term 
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We remark here that the estimate (3.37) is used for deriving optimal order error estimates provided the exact solution has higher degree regularity, while the estimate (4.22) is suitable for convergence analysis under the basic solution regularity condition. 5 Applications to contact problems in rate-type viscoplasticity
The aim of this section is to apply the results obtained in Sections 3 and 4 to the numerical analysis of two nonlinear quasistatic frictional contact problems for viscoplastic materials.
In this section, the symbol c may depend on the exact solution, but it is independent of the discretization parameters h and k. 3 , respectively. Since the boundary is Lipschitz continuous, the unit outward normal vector exists a.e. on the boundary. Let 0; T] be a time interval of interest. We assume that the body is xed on ? 1 , a body force of density b acts in , and a surface traction of density F acts on ? 2 . Both b and F can be time dependent but we assume a slowly variation of these functions in time so that the inertia terms in the equations of motion may be neglected. We choose (1.1) as the constitutive relation for the viscoplastic material, in which E is a fourth order tensor and G is a given constitutive function, possibly nonlinear. The boundary value problem is then _ = E"( _ Finally, we suppose that the viscoplastic body is in contact with a rigid foundation on ? 3 (0; T). This contact involves friction. In the sequel we consider two di erent friction laws which lead us to the following examples.
Bilateral contact with Tresca's friction law
We assume a bilateral contact modeled by Tresca's friction law (see e.g. 2, 5]), i.e. on ? 3 (0; T); (5.6) where u represents the normal displacement, _ u denotes the tangential velocity, is the tangential force on the contact boundary and g 0 is the friction yield limit. It follows that V is a closed subspace of H and that the deformation operator " : U ! V is a linear continuous invertible operator. We denote the inverse of " : U ! V by " ?1 : V ! U, which is a linear, continuous operator. Now the variational problem P 1 can be viewed as a special case of the abstract problem P, after we make the following identi cations The conditions (2.7){(2.12) can then be veri ed by using the assumptions made on the constitutive functions E and G as well as on the data b, F , u 0 , 0 and g. Therefore,
The error analysis of the spatially-discrete solution is given by the following result. '(w) $ j(" ?1 (w)); (f(t); w) V $ L(t; " ?1 (w)) for w 2 V; the problem P 2 can be rewritten in the form of Problem P. Moreover, from the assumptions made on the constitutive functions and data, it follows that conditions (2.7){(2.12) are satis ed in this case. Therefore, we can readily extend all the discussions in Subsection 5.1 to obtain similar results on convergence and error estimates for spatially and fully discrete approximations of the problem P 2 .
